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We provide novel random surface density functional theory (RSDFT) formulation in the case of
geometric heterogeneous surface of solid media which is essential for description of thermodynamic
properties of confined fluids. The major difference of our theoretical approach from existing ones is
stochastic model of solid surface which takes into account the correlation properties of geometry. The
main building blocks are effective fluid-solid potential developed in work (J. Stat. Phys, 2017,167(6),
1519-1545) and geometry based modification of Helmholtz free energy for Lennard-Jones fluids. Ef-
ficiency of RSDFT is demonstrated in calculation of argon and nitrogen low temperature adsorption
on real heterogeneous surfaces (BP280 carbon black). These results are in good agreement with
experimental data published in the literature. Also several models of corrugated materials are de-
veloped in the framework of RSDFT. Numerical analysis demonstrates strong influence of surface
roughness characteristics on adsorption isotherms. Thus developed formalism provides connection
between rigorous description of stochastic surface and confined fluids thermodynamics.
I. INTRODUCTION
Real surfaces are usually rough, so influence of geome-
try on adsorption and other surface properties is actively
investigated in recent years [1–17]. A huge range of sur-
face phenomena can be described using Density Func-
tional Theory (DFT) [18]. Especially DFT plays essen-
tial role in theoretical prediction of adsorption character-
istics. However the major part of known versions of DFT
is applicable for adsorption on smooth surfaces only.
In order to avoid assumptions about smooth solid sur-
face in the frame of one-dimensional DFT authors of
[2, 3] considered the heterogeneous material as an amor-
phous media with variable one-dimensional density near
the surface. Therefore the solid density is represented as
rapidly decreasing function of the distance to the surface.
Thus, the heterogeneity is described by a single parame-
ter corresponding to the value of characteristic roughness.
In accordance with this representation of solid in work
[2] new version of DFT named the quenched solid den-
sity functional theory (QSDFT) was developed. Results
of QSDFT fit experimental data in the range of ther-
modynamic parameters where results of standard DFT
are insufficient. However, QSDFT has serious limita-
tion due to simplified representation of solid surface. In-
deed single roughness parameter is not enough for full
definition of heterogeneous surface and the characteris-
tic of lateral structure is needed. Alternatively authors
of [4, 5] considered two-dimensional heterogeneous sur-
face, taking into account that carbon structure consists
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of curved graphene layers. In order to describe lateral
surface energy perturbations authors introduce determin-
istic oscillating function. However more realistic model of
rough solid is random surface defined by both character-
istic roughness and correlation function. Thus new DFT
formulation supporting the analysis of influence caused
by correlation properties of the random solid surface is
highly desirable. In the current manuscript we present
the theory which successively describes the heterogeneous
surface and real fluid thermodynamics near the wall in
common formalism.
In the previous work [1], we developed the general
theory of effective coarse-grained fluid-solid potential by
proper averaging of the free energy of fluid molecules
which interact with the random solid media. This proce-
dure is largely based on the theory of random processes
so we focused on a detailed calculation of the averaged lo-
cal geometry properties using the random field approach.
Correlated random field is considered as a model of ran-
dom surface with high geometric roughness. As a result,
general expression of effective fluid-solid potential was
obtained and discussed in details.
In the current paper we have developed a new density
functional theory to describe thermodynamic properties
of a fluid interaction with strongly spatial heterogeneous
surfaces. One of the building blocks for creating such a
theory is description of the effective fluid-solid interaction
taking into account the properties of the stochastic sur-
face geometry Fig. 1. Also the averaged properties of the
local solid geometry underlying the theoretical model are
essential for the modification of the configuration integral
in free energy functional. This procedure is described in
details in the current manuscript. Collecting all this to-
gether, we construct a new density functional theory on
the basis of unified approach, which implies accurate con-
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2FIG. 1. Main building blocks of the new DFT formulation scheme. Gray lines demonstrate stages which were developed and
discussed in details in our previous work [1]. Red lines correspond to current research results.
sideration of both single-point and two-point distribution
functions of a random surface.
Also, in this study, we have demonstrated how the
developed formalism may be expanded to describe non-
symmetric models of random solid surface. This allows us
to consider two types of corrugated materials. The first
one can be obtained by chemical reactions in which ran-
dom cavities are formed in the initially smooth surface.
The second one is devoted to random geometry formed
by depositing solid matter onto originally smooth sub-
strate, illustration of different surface types which have
been studied is provided in Fig. 2.
In work [6] nongraphitized carbon black (NGCB) sur-
faces were investigated by modeling adsorption of ar-
gon on these surfaces in the framework of fully atom-
istic Grand Canonical Monte-Carlo simulation (GCMC).
The new simple model to describe a surface irregular-
ities of corrugated materials was presented since many
real surfaces are far from being ideally smooth, and as-
suming a perfect surface to study adsorption in pores
could lead to serious errors in the determination of ad-
sorption isotherms. Also in paper [6] authors concentrate
on comparison of adsorption behaviors between NGCB
and graphitized thermal carbon black (GTCB) with well
defined smooth surface. The models of heterogeneous
surfaces constructed in our manuscript have many sim-
ilarities with the model from work [6] and expand it
within the framework of the developed theoretical ap-
proach. This paper is arranged as follows: necessary def-
initions and results of our previous research are briefly
discussed in the next section. Then we formulate new
version of DFT named Random Surface Density Func-
tional Theory (RSDFT). The results are presented in two
sections. The first one demonstrates RSDFT application
to low temperature adsorption on nongraphitized carbon
black BP-280. In this section results obtained theoreti-
cally are compared with experimental data. The second
one demonstrates new approach to modeling of various
types of corrugated materials.
II. RANDOM PROCESS THEORY APPROACH
TO GEOMETRIC HETEROGENEOUS
SURFACES
Since the model developed in our previous work [1]
is much in use in the current manuscript, let us briefly
remind main results and constructions. The underlying
idea states that total interaction between fluid molecule
and solid media can be replaced by an effective potential
depending on the distance from a molecule to the sur-
face only. Implemented free energy average technique is
an approach to link the free energy, obtained by accu-
rate partition function of initial system, to a system with
fewer degrees of freedom which is result of approximated
partition function.
Let us consider a molecule of fluid, interacting with
solid phase. Fluid molecule is a sphere with diameter
d. The solid is represented by a system of M nonin-
teracting molecules located at the sites of three dimen-
sional lattice. Solid media has sufficiently large surface,
which corresponds to certain realization of random pro-
cess Z(r). For a fluid particle with fixed z-coordinate
corresponding partition function becomes
Q(z;Z(r)) =
∫∫
Ω(z)
dxfdyfe
−β∑Mi=1 ufs(~rf ,~r(i)s ) (1)
The configuration space of fluid molecule in expression
(1) is union of non-crossing domains of random sizes,
Ω(z) =
⋃∞
i=1 Ωi(z). Permitted random regions Ωi are
induced by random binary field which is a slice of ran-
dom process Z at level z, ufs(~rf , ~r(i)s ) is pair interaction
potential between fluid molecule at point rf and solid
3FIG. 2. Schematic illustration of three different models of corrugated heterogeneous materials. Gray balls illustrate solid
molecules. Solid surface can be described by certain realization of the random fields: Gaussian correlated random field (left),
truncated Gaussian random field from above (right), truncated Gaussian random field from below (middle). See text for details.
molecules at fixed M points rs,1, rs,2, ..., rs,M . It is im-
portant to note, that this function also depends on ran-
dom process Z(r). Thermodynamic properties of this
system are defined by free energy averaged over all real-
izations of random geometry:
β 〈F (z)〉Z ≡ −
∫
lnQ(z;Z(r))P (Z)
∏
r
dZ(r) (2)
where integrals imply functional integration over varia-
tions of Z at each point r. P (Z) is probability that cer-
tain Z takes place. As it was shown [1], effective poten-
tial of interaction between fluid molecule and solid with
random heterogeneous surface has the following form:
Uefffs (z) =
∫
drsufs(rf , rs)× (3)
× ∫ dρ(rs)ρ(rs)P (ρ(rs)|rf ∈ Ω¯(z))
where P
(
ρ(rs)|rf ∈ Ω¯(z)
)
is probability density of ρ(rs)
under condition that fluid particle lies in characteristic
domain Ω¯(z). Thus, effective fluid-solid potential reflects
the random surface properties by probability density P
and average size of Ω¯. Here the solid density is introduced
as the number of solid molecules in volume d~rs. Ω¯(z)
is domain with the average (characteristic) size. This
average size depends on the properties of random process
and the coordinate z.
Gaussian process is considered as basic model
of random surface. Thus, at this case one-point
FIG. 3. Illustration of the molecule (black disk) and some
realization of random process corresponding to heterogeneous
surface (solid curve). In this case the slice at level h is above
the fluid particle. Inset shows typical form of P11, calculation
parameters are α = 0.6d−1, σ = 0.5d, h = −0.3d
w
(1)
z (x) and two-points density distribution function
w
(2)
z (z1, x1; z2, x2) with arbitrary correlation function
K(s) have the following forms
w(1)z (z) =
1√
2piσ2
exp
(
− z
2
2σ2
)
(4)
4w(2)z (z1, z; z2, z + s) =
1
2piσ2
√
1−K(s)2 ×
× exp
[
−z
2
1 + z
2
2 − 2K(s)z1z2
2σ2(1−K(s)2)
]
(5)
The theoretical approach may be applied for arbitrary
correlation function of the random solid surface which
could be obtained from experiments (for example X-ray
measurements). However exponential function of the
form K(x) = e−αx, (where α = 1/τ is inverse to cor-
relation length τ), is convenient for the calculations and
demonstrates the general properties. Important to note,
that the approach proposed in [1] is not restricted by
certain functional dependence for distribution functions.
Gaussian model was chosen only for simplicity.
It is possible to obtain the general result for the effec-
tive fluid-solid interaction potential starting from pop-
ular Mie pair intermolecular potential in the following
form:
U(r) = C
[(
d
r
)λr
−
(
d
r
)λa]
, (6)
where r is the distance between molecules, C =
sfλr
λr−λa
(
λr
λa
) λr
λr−λa
is a constant. In case of Lennard-
Jones (LJ) fluid (λr = 12, λa = 6) this constant equals to
C = 4sf , where sf is characteristic energy of solid-fluid
interaction. One can consider each term of above expres-
sion as general power function of r in the following form
Cdγ/rγ . The interaction energy of molecule and surface,
induced by pair potential U(r) is the sum of interactions
with all molecules in the solid media. Thus, integration
of U(r) over certain layer at level h (for example, gray
area in Fig.3) in z-direction becomes:
U
(γ)
layer(L;h, z) = 2piC
∫ ∞
0
dr′r′ρsP11(r′, h)[
(z − h)2 + (r′ + L)2
]γ/2
(7)
where ρs is the number density of solid molecules. Ex-
pression (7) is written in terms of average solid density
ρsP11(r, h) and average length L(z) corresponding to av-
eraged distance from molecules to solid surface at level
z. Typical example of this function can be found in inset
of Fig. 3. Exact expressions for average length L and
P11 were obtained in [1] using random process theory ap-
proach. In accordance with (6) the impact of each layer
at level h has the following form
Ulayer(L;h, z) = U (λr)layer(L;h, z)− U (λa)layer(L;h, z) (8)
Total effective interaction of a molecule and the solid
media corresponds to integration over all layers from −∞
to ∞
Ufs(z) =
∫ ∞
−∞
dhUlayer(L;h, z) (9)
FIG. 4. Schematic illustration demonstrates the local surface
geometry properties, which are described by function L(z).
The characteristic properties of the local geometry are
reflected in an explicit form of the function L which is
used to calculate the effective potential (8). The knowl-
edge of local geometry is essential not only for under-
standing the effective potential but also for modifying the
configuration integral according to heterogeneous geome-
try of the surface. These modifications are required in the
new formulation of the free energy functional. Schematic
illustration of molecule and solid surface in terms of func-
tion L can be found in Fig. 4. This figure illustrates that
heterogeneous surface can be locally represented as the
known surface defined by function L. Thus new surface
has the polar symmetry and defines boundary of excluded
volume taking into account geometrical properties of the
solid.
III. RANDOM SURFACE DENSITY
FUNCTIONAL THEORY
This section discuses new DFT formulation – Random
Surface Density Functional Theory (RSDFT). As in the
case of homogeneous surface the starting point of RSDFT
is grand canonical thermodynamic potential Ω[ρ(~r)]:
Ω[ρ(~r)] = F [ρ(~r)] +
∫
V
d~rρ(~r)(Ufs(~r)− µ) (10)
where F [ρ] is the Helmholtz free energy, Ufs is the ex-
ternal potential, µ is the chemical potential. The equi-
librium density distribution ρ is satisfied to the following
condition:
δΩ[ρ]
δρ
= 0 (11)
The Helmholtz free energy can be splitted into two
parts: the ideal term Fid and the excess term Fexc de-
5scribing contributions of intermolecular repulsion and at-
traction. Henceforth Boltzmann and Plank constants
are assumed to be equal to one: kB = h = 1. Thus,
Helmholtz free energy can be expressed as
F [ρ] = Fid[ρ] + Fexc[ρ] (12)
A. Ideal contribution
For an ideal system without any interactions, the
Helmholtz free energy is known exactly :
Fid[ρ] = T
∫
V
d~rρ(~r)[ln(Λ3ρ(~r))− 1] (13)
where T is the temperature, Λ = (2pimT )1/2 is de Broglie
wavelength, m is the mass of molecule. Expression (13)
contains three-dimensional integration which can be re-
duced to one-dimensional integral using spatial symme-
try. As was discussed in previous section interaction with
rough surface can be represented as impact of the solid
media with polar symmetry Fig. 4B. It allows one to in-
troduce one-dimensional density ρ(z). Contrary to case
with smooth surface, result of integration
∫
dxdy... is not
constant. One can calculate this two dimensional inte-
gral taking into account only permitted domains for fluid
on certain level z as∫
dzρ(z)
∫
A
dxdy... =
∫
dzρ(z)S(z)... (14)
where A is total area, S(z) is the part of A which is free
from solid media at level z. One can found this area from
the following expression
S(z) = A
(
1− 1
2
erfc
z√
2σ
)
(15)
from equation (15) one can see that the cases σ → 0
and z →∞ are equivalent to the case of smooth surface
S(z)→ A. Thus ideal part (13) has the following form:
Fid[ρ] = T
∫
dzS(z)ρ(z)[ln(Λ3ρ(z)− 1] (16)
B. Attraction contribution
Molecules are considered as not ideal system which is
represented by spherical molecules with diameter d inter-
acting via Lennard-Jones (LJ) potential ULJ
ULJ = 4ff
[(
d
r
)12
−
(
d
r
)6]
(17)
where ff is the characteristic intermolecular energy.
The excess term can be calculated using perturbation
theory for the interaction potential [19]. The repulsion
contribution can be described by reference system – the
system of hard sphere, while attraction contribution cor-
responds to the perturbation term. Thus, the excess
Helmholtz free energy can be written as
Fexc[ρ] = FHS [ρ] + Fatt[ρ] (18)
Here for perturbed attraction part we use Weeks-
Chandler-Andersen (WCA) scheme [19] with the follow-
ing representation of attraction potential
Uatt(r) =
{
−, r < λ
ULJ(r), r > λ
where λ = 21/6d corresponds to the minimum of LJ po-
tential. The mean-field approximation for attraction part
is
Fatt =
1
2
∫ ∫
d~r′d~rρ(~r)ρ(~r′)Uatt
(
|~r − ~r′|
)
(19)
The number of integrals in expression (19) can be re-
duced by the same procedure as for ideal term taking
into account spatial dependence in (19)
Fatt =
1
2
∫ ∫
dz1dz2S(z1)ρ(z1)ρ(z2)G(z1, z2) (20)
where function G(z1, z2) is defined as the following inte-
gral:
G(z1, z2) = 2pi
∫ ∞
0
rdrUatt
(√
(z1 − z2)2 + r2
)
(21)
One can calculate this integral using the expression
for effective media solid boundary L(z) at level z and
piecewise definition of Uatt:
G(z1, z2) =

G1(z1, z2), (z2 − z1)2 > λ2
G2(z1, z2), L(z2)2 + (z2 − z1)2 > λ2
G3(z1, z2), L(z2)2 + (z2 − z1)2 ≤ λ2
(22)
explicit form of (22) can be found in Appendix.
C. Hard sphere contribution
The next term in RSDFT is impact of hard sphere
repulsion FHS . For this purpose Fundamental Measure
Theory (FMT) developed by Rosenfeld [20] is used. Gen-
eral expression for Helmholtz free energy of HS has the
following form
FHS = T
∫ H
0
S(z)ΦHS [nα(z)]dz (23)
where as was discussed above spatial integration takes
into account not constant area S(z). Several successful
modifications of original FMT can be found in literature
[21]. In current research we apply Rosenfeld-Schmidt-
Lowen-Tarazona (RLST) version of FMT [22]. The same
version was used in works [2, 3] related to adsorption on
6FIG. 5. Demonstration of the kernel G(z, z1) in Fatt rep-
resentation (black bold lines) corresponding to two different
choice of z1 and square of L(z) (red line) which devoted to
average local geometry properties of random solid surface.
Dash line corresponds to behavior of attraction kernels in the
absence of surface heterogeneity.
rough surface. Thus in accordance with RLST ΦHS can
be written as
ΦHS [nα(z)] = −n0 ln(1− n3) + n1n2 − ~nv1 · ~nv2
1− n3 +
+
n32
24pi(1− n3)2
(
1− 3
(
~nv2
n2
)2
+ 2
(
~nv2
n2
)3)
(24)
where nα, α = 0, 1, 2, 3 and ~nα, α = V 1, V 2 are scalar
and vector averaged functions respectively. These new
variables have the following definition:
nα(z) =
∫
d~r′ρ(z′)ωα(~r − ~r′),
ω0(r) =
ω2(r)
4piR2
, ω1(r) =
ω2(r)
4piR
, (25)
ω2(r) = δ(R− r), ω3(r) = Θ(R− r),
ωV 1(~r) =
ωV 2~r
4piR
, ωV 2~r =
~r
r
δ(R− r)
where R is radius of molecule. As one can see in (25)
the region of integration for nα corresponds to the size
of molecule. Situation when a fluid molecule and solid
surface has non empty crossover is impossible due to re-
pulsion part of external potential. For this reason expres-
sions (25) can be used in RSDFT without modifications.
D. External field contribution
The last term in (10) is external potential describing
interaction between a fluid molecule and solid media Fext.
TABLE I. Parameters of fluid-fluid interaction for argon
and nitrogen [3], and parameters of solid-fluid interaction
for argon and nitrogen on carbon calculated using Lorentz-
Berthelot rules [23]
adsorbate ff/kB , K σff , A˚ sf/kB , K σsf , A˚
Ar 111.95 3.358 56.0 3.379
N2 95.77 3.549 51.8 3.475
This potential has to take into account geometrical prop-
erties of solid surface. For this reason result of previous
section (9) is used. Thus, Fext has the following form:
Fext =
∫
dzS(z)ρ(z)Ufs(z) (26)
E. Equlibrium density calculations
In order to obtain equilibrium density (11) one should
calculate variations of expressions (16), (20), (23), (26):
δFid
δρ
= TS(z) ln Λρ(z),
δFext
δρ
= S(z)Ufs(z), (27)
δβFatt
δρ
=
1
2
S(z)
∫
dz′ρ(z′)UattG(z, z′) + (28)
+
1
2
∫
dz′S(z′)ρ(z′)UattG(z′, z),
δFHS
δρ
= T
∫
dz′S(z′)
δΦ[nα(z′)]
δρ
(29)
Important to note that non-symmetry attraction kernel
(22) leads to another deviation in term (28) from the case
of smooth surface. Non-symmetry of (22) is illustrated
in Fig. 5.
The adsorption isotherm can be calculated from inte-
gration of fluid density distribution. The expression for
the number of molecules per unit area has the following
form
NAds =
N−1A
A
(∫ zm
0
S(z)ρ(z)dz − ρ0Azm
)
(30)
where zm is sufficiently large upper limit of integration.
IV. COMPARISON WITH EXPERIMENT
RSDFT developed in current research can be applied
for description of adsorption characteristics in case of real
heterogeneous surfaces. Ones of the most suitable mate-
rials with rough surface are carbon adsorbents of different
degree of graphitization. We have considered the argon
and nitrogen low temperature adsorption on Cabot BP-
280 carbon black. These systems were investigated in a
lot of experimental works. This allows us to compare and
7FIG. 6. (A): Comparison of adsorption isotherms of argon at 87 K on rough surface (BP280 Carbon Black) calculated
using RSDFT (black discs joined by solid line) and experimental data [24] (opened circles). RSDFT result corresponds to
heterogeneous surface with σ = 1.8d and τ = 5d. (B): Comparison of adsorption isotherms of nitrogen at 77 K on rough surface
(BP280 Carbon Black) calculated using RSDFT (black discs joined by solid line) and experimental data [25] (opened circles).
RSDFT result corresponds to heterogeneous surface with σ = 1.8d and τ = 5d. (C): Three-dimensional simulated solid media
with heterogeneous surface corresponding σ = 1.8d and τ = 5d.
validate our results obtained by RSDFT with experimen-
tal data.
The experiments and the modeling [3, 7] show low tem-
perature adsorption isotherm for smooth surfaces con-
tains steps corresponding to well structured layer forma-
tions. Typical adsorption isotherm in the case of ideal
surface looks like red dashed line in Fig. 6A. These types
of isotherms can be described well by FMT model with
smooth solid wall. However in case of heterogeneous sur-
face there is crucial difference in shape of the isotherms
and (as one can see from Fig. 6A) experimental data can
not be fitted with standard DFT. For smooth carbon sur-
faces step-like section of the isotherms starts from around
P/P0 > 0.1. In case of rough surface these steps decrease
and then disappear as the surface roughness increases.
This effect of isotherm smoothing can not be obtained
without taking into spatial heterogeneity of the surface.
RSDFT allows to obtain smooth adsorption isotherm for
geometrically heterogeneous surfaces. For better demon-
stration we minimized the number of tunning parame-
ters and fixed characteristics of fluid-solid interaction sf
and dsf . In the case of argon and nitrogen the Lorentz-
Berthelot rules are used [23]:
sf = (ff cc)
1/2, dsf =
1
2
(dff + dcc),
where cc = 28/T and dcc = 3.4A are characteristic
carbon-carbon interaction and carbon molecule diame-
ter respectively[26], corresponding fluid-solid parameters
can be found in Table I. Thus adsorption characteristics
are controlled by geometrical properties of the surface:
mean square deviation σ and correlation length τ .
For comparison with experimental results we consid-
ered different values of roughness parameters σ, τ . It
was observed that σ = 1.8 d and τ = 5 d provide best
agreement with experimental data. Experimental results
of low temperature adsorption on BP-280 for argon and
nitrogen can be found in [24] and [25] respectively. In
Fig. 6A and Fig. 6B circles are the number of adsorbed
molecules calculated from experimental data [24, 25] us-
ing BET specific surfaces 37 m2g−1 and 38 m2g−1 for
argon and nitrogen respectively [27]. Dashed line cor-
responds to smooth solid DFT and demonstrates signif-
icant deviation from experimental data. From Fig. 6A
and Fig. 6B one can see that RSDFT results fit well ex-
8FIG. 7. (A): Dimensionless density distribution profiles (ρv where v is molecular volume) corresponding to argon adsorption at
87 K and different pressures on heterogeneous surface with σ = 1.8d and τ = 5d. (B): Density distribution profiles corresponding
to argon adsorption at 87 K and different pressures on heterogeneous surface with σ = 1.8d and τ = 5d.
perimental data and show correct smoothed isotherm in
range P/P0 > 0.1.
Correct RSDFT adsorption isotherm for rough surfaces
is result of structureless fluid formation near surface. It
can be figured out from analysis of fluid density distri-
bution near wall. It is well known that density distri-
bution in case of ideal surface shows distinctly narrow
peaks. From the distributions for rough surfaces Fig.7A,
one can see that at low pressures argon particles are lo-
calized in the defects as these are strong energy sites. As
the pressure increases, more layers are formed, but they
are not as distinct as those in case of ideal surface due to
irregular packing in case of random surface.
The density ρ defines distribution of molecules inside
the space with boundaries defined by L(z) (Fig. 4B).
As one can see from expression (30) in order to cal-
culate the number of adsorbed molecules new function
ρ¯ = A−1S(z)ρ(z) is needed. Thus, this density controls
isotherm smoothness. Indeed one can see from Fig. 7B
with increasing of pressure density distribution profiles
change continuously without sharp arising of new peaks.
Also boundaries between neighbor peaks are not so obvi-
ous and there is competition between the first two peaks
with the transition point between P/P0 = 3× 10−3 and
P/P0 = 0.01. These properties of density distribution
lead to lack of step-like region in adsorption isotherm
curve.
As one can see RSDFT provides theoretical description
of fluid thermodynamic properties near geometric hetero-
geneous solid. Rigorous approach to stochastic surface
description is novel feature of developed model. Also the
inverse problem of surface design from experimental in-
vestigation can be solved. In Fig. 6C one can find 3D
model of solid wall geometry obtained from experimen-
tal isotherms [24, 25] matching by RSDFT. For model-
ing and simulation purposes random surfaces similar tot
the one shown in Fig 6 have been generated using the
method outlined in [28], where an uncorrelated distribu-
tion of surface points using a random number generator
(i.e. white noise) is convolved with Gaussian filter to
achieve correlation.
V. NON-SYMMETRIC MODELS OF
CORRUGATED MATERIALS
In this section we begin with discussion of a simple
stochastic model for describing a heterogeneous surface
which was proposed in work [6]. In spite of its simplic-
ity, this model represents an important stage between
the naive approach to the surface stochastic geometry
description in the framework of the density functional
theory and the complete accurate study of the influence
of local properties of random geometry on fluid behav-
ior. The models of heterogeneous surfaces constructed
in this manuscript have many similarities to the simple
Do-model [6] and expand it within the framework of the
developed theoretical approach.
In accordance with work [6] heterogeneous surface
model contains a collection of graphene layers. Authors
of [6] considered all layers to be perfect graphene layers,
except the top defected one to simplify calculation dur-
ing fully atomistic GCMC simulation. Also they noticed
that, in general, defects may be extended to all layers,
not only for the top one. To model defects of the top
layer, they selected at random a carbon atom in the layer
9FIG. 8. (A): Illustration of truncation procedure of the random surface from above. Dashed gray line corresponds to original
random process realization. Solid black line final corrugated solid surface in the present model. In the inset probability density
distribution is provided in the simplified form (with absence of Dirac delta corresponding to the z-coordinate value of original
smooth surface). (B): Illustration of truncation procedure of the random surface from below. Dashed gray line corresponds
to original random process realization. Solid black line is the final corrugated solid surface in the present model. In the inset
probability density distribution is provided in the simplified form (with absence of Dirac delta corresponding to the z-coordinate
value of original smooth surface).
FIG. 9. (A): 3D models of corrugated solid surfaces corresponding to different parameters of random geometry: σ = 1.6,
τ = 3.0 (left), σ = 1.6, τ = 4.0 (middle), σ = 1.6, τ = 5.0 (right). (B): 3D models of corrugated solid surfaces corresponding
to different parameters of random geometry: σ = 1.6, τ = 3.0 (left), σ = 1.6, τ = 4.0 (middle), σ = 1.6, τ = 5.0 (right).
and remove it as well as all surrounding neighbors that
have distances to the selected atom less than a certain
effective defect radius. This random selection is repeated
until the percentage of carbon atoms removed reached a
given defect percentage. The percentage of the surface
carbon atoms being removed and the effective size of the
defect (created by the removal) are the key parameters
to characterize the nongraphitized surface and determine
the pattern of isotherm. Once the configuration of the
surface has been constructed, the grand canonical Monte
Carlo simulation was applied to study the adsorption be-
havior of argon. As a result authors investigated how
various parameters affect the adsorption isotherms. It
is important to note that key parameters which deter-
mine the defects of the upper layer and, thus, the ad-
sorption curve, which were introduced in [1], completely
agree with our approach to describing the geometry and
density functional formulation. Let us consider the model
of a random process Z and the characteristics of local ge-
ometry described above. Then the percentage of atoms
being removed from each z-layer is determined only by
the single-point probability distribution function of the
10
FIG. 10. (A): Adsorption isotherms calculated by truncated above RSDFT for surfaces with the same σ = 1.6 and different
τ = 3, 5, 6. In all cases fluid is argon at 87 K with parameters from Table I. (B): 3D models obtained by truncation procedure
from below. Two models correspond to different parameters of random geometry: σ = 1.8, τ = 3.0, σ = 1.6, τ = 5.0.
process Z. And the radius of the defects is analogous to
the characteristic size of the open subdomains described
by function L. Thus, the extended model of corrugated
heterogeneous surfaces is obtained in the framework of
our approach.
A. Truncation of random process from above
In the previous section the surface of the solid has been
completely described by a random process. It is bounded
the solid media from above.
We have modified the model to describe the process in
which random defects are formed in the initially smooth
surface. According to this procedure boundary of corru-
gated solid is a random process immersed inside an ini-
tially smooth solid substrate. Also, the regions of solid
where the value of random process Z is bigger than value
of initial smooth boundary are cut out. This procedure is
called truncation from above. Sketch illustration of this
procedure can be found in Fig. 8A
Minor modifications are required in the DFT formu-
lation of the model. One can fully use the previously
developed approach taking into account the character-
istic jump in the function L, which describes the local
geometry (see Fig. 4B). Also it is important to note that
resulting boundary surface has no longer the Gaussian
probability distribution. Indeed the probability that the
height at any point of the surface is higher than the origi-
nal height of a smooth substrate equals zero by definition
of the truncation procedure (see Fig. 8A).
We have applied this truncated DFT to several het-
erogeneous surface with different τ parameter. One can
see from Fig. 10A our results stay in qualitative agree-
ment with conclusion of[6]. Indeed, wavelike behavior of
isotherms was observed in the case of perfect flat surface
(no defect GTCB). It demonstrates a smoother behavior
when the extent of defect is increased and in such case
(NGCB) there is no clear plateau of monolayer coverage.
This is simply due to the irregular packing in the case
of heterogeneous surface geometry, compared to a much
more ordered layering in the case of graphitized ther-
mal carbon black. Also, in Fig 9A and Fig.9B one can
compare relative roughness of surfaces with considered
roughness parameters.
B. Truncation of random process from below
In addition to the surfaces obtained by cutting of ran-
dom parts from an originally smooth substrate, another
model may be considered. Let us imagine that defects
with a random form have grown on a original smooth sur-
face. By analogy with the procedure which describe the
truncation from above, we introduce the truncation from
below to simulate this type of heterogeneous surfaces. All
necessary modifications are carried out similarly to the
case described above (see Fig. 8B for explanations). 3D
pictures of these cases can be found in Fig.10B.
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VI. CONCLUSION
In this work we have developed new DFT model to
describe real fluid behavior near spatial heterogeneous
surfaces. The major difference of our result from the ex-
isting ones is the stochastic model for solid media, taking
into account the correlation properties of the geometry.
In order to obtain equilibrium density distribution in the
framework of this model we have applied novel effective
fluid-solid potential and modified Helmholtz free energy
for Lennard-Jones fluid.
Developed model – RSDFT is used for calculation of
argon and nitrogen low temperature adsorption on real
heterogeneous surfaces (BP280 carbon black). The re-
sults of RSDFT are in good agreement with experimen-
tal data published in the literature. Thus, RSDFT allows
one to predict thermodynamical properties of inhomoge-
neous fluid using essential characteristics of solid wall
geometry.
Also the random process theory approach to geometric
heterogeneous surface is extended to describe the typi-
cal models of corrugated materials. These cases differ in
formation nature and correspond to different models of
truncated random process. Parametric analysis demon-
strates strong influence of surface roughness characteris-
tics on behavior of adsorption isotherms. Therefore com-
petition between impacts of surface heterogeneity and
fluid-fluid interactions lead to the variety of isotherm pat-
terns. Presented technique can be used for artificial gen-
eration of rough surfaces with desired adsorption charac-
teristics.
Developed RSDFT may be efficiently applied to sev-
eral actual problems in surface science: optimal material
design for the gas storage problems and double electric
layer supercapacitors; influence of spatial heterogeneity
on gas-fluid equilibrium, especially in the case of nano-
confinement; concurrent adsorption of multicomponent
fluid with significant difference in molecular size.
Appendix A: Attraction kernels calculation
In this Appendix we provide explicit expressions of the
kernels (22). These functions are result of integrations of
expression (19) in polar coordinates. As one can see in
Fig. 4 and in the corresponding section local properties of
heterogeneous surface are represented by function L(z).
Then integrations in (19) take into account solid media
with new boundary defined by L(z). It is easy to ob-
tain that there are three possible regions depended on
molecule position. These regions correspond to the fol-
lowing conditions:
The 1st region: (z2 − z1)2 ≥ λ2
G1(z1, z2) = 2pi
L(z2)∫
0
rdr
[
C1
(∆z2 + r2)6
+
C2
(∆z2 + r2)3
]
G1(z1, z2) = 8ffpi
[
d12
10
(
1
∆z10
− 1
(L(z2)2 + ∆z2)5
)
− d
6
4
(
1
∆z4
− 1
(L(z2)2 + ∆z2)2
)]
(A1)
The 2nd region: λ2 − L(z2)2 < (z2 − z1)2 < λ2
G2(z1, z2) = 2pi
√
λ2−δz2∫
0
(−ff )rdr + 2pi
L(z2)∫
√
λ2−δz2
rdr
[
C1
(∆z2 + r2)6
+
C2
(∆z2 + r2)3
]
G2(z1, z2) = −ffpi(λ2 + ∆z2) + 8ffpi
[
d12
10
(
1
λ10
− 1
(L(z2)2 + ∆z2)5
)
− d
6
4
(
1
λ4
− 1
(L(z2)2 + ∆z2)2
)]
(A2)
The 3rd region: L(z2)2 + (z2 − z1)2 ≤ λ2
G3(z1, z2) = 2pi
L(z2)∫
0
(−ff )rdr = −ffpiL(z2)2 (A3)
where ∆z = z1 − z2, C1 = 4ffd12 and C2 = 4ffd6
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